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MECHANICAL POWERS. 


diagonal of a Parallelogram in the fame time as it would do 

the fides, if the forces were feparate; it is evident, that any 
force whatfoever, acting in a given direction, may be looked upon 
as the effect of two other forces acting in directions, which at the 
fame point fhail on each fide be any way inclined to the given direc- 
tion, provided they make an angle lefs than two right ones: And 
this is abundantly confirmed in Mechanics, for by fuch a refolution 
of a given force into two others, the known Properties of the Mecha- 
nic Powers, fuch as the Ballance, the inclined Plain, &c. may be 


eafily deduced. 


G ie E abody with two united forces, always defcribes the 


Of th BALLANCE or LEAVER. Prop. I. 


If two forces, which a€t upon the arms of a ballance in given 
direétions that are in the fame plain with thofe arms, ballance one 
another; thefe forces are to each other reciprocally, as perpendiculars 
let fall from the center of the ballance to their directions. 

j Dem: 


| Plate I. 
Fig. 1, 
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Dem. (See Newt. Princ. pag. 14.) Let C be the center of the 
Ballance, C p, CP the arms, Ep, P A the directions of the forces 
aéting upon the arms, Cp, CP. Let CE be drawn perpendicular 
top E, andC D to PA, meeting them in E and D. On the center 
C, and with the radius C E, viz. the longeft of the perpendiculars, 
let a circle be defcribed, which fhall interfeét the direction of the 
force P in A, and let the line C A be drawn; to which let À G be 
drawn perpendicular, and G F parallel, meeting DP A in F. 

It is evident, that'the arms of the Ballance C P, C p may be looked 
upon as lines that will not bend, lying in the plain moveable about 
the center C; and the fame. may be underftood of any other lines 
drawn through the center C, and lying in the fame plain. Now 
fince it is manifeft, that there is no difference in what points of the 
lines, in which the forces P and p aét, thofe forces are placed; fince 
wherefoever they are in thofe lines, they will have exactly the fame 
power to turn the plain CD APE about it’s center: ‘The forces P 
and p may be fuppofed to be in the points A and E, Then the 
force P, fuppofed to be in A, may be refolved (as was before ob- 
ferved) into two other forces; one of which may act according to 
the line C A produced, and the other according to the line AG; 
and which may be to each other as FG to GA, but each of them 
fingly to P, as F G and AG fingly to AF, as will be evident if the 
triangle A G F be compleated in the parallelogram AGFg. It is 
alfo manifeft, that the force which is as F G, and which acts accord. 
ing to the line C A paffing through the center of the plain, does 
nothing at all towards turning that plain about the centerC; but the 
force which is as AG, and which draws the line C A perpendicu- 
larly; fince, by the hypothefis, it ballances the force p, which draws 
the line C E, equal to CA (by conftruction) perpendicularly alfo, it 
muft neceffarily be equal to it, Wherefore p will be to Pas AG to - 
AF, oras DC (by reafon of the fimilar triangles FGA, AC D) 
toC A or CE;; that is, the forces p and P are to one another reci- 
procally as perpendiculars let fall from the center to the lines in 
which they act. | 

Coral, 
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Coral, x. If the arms lie in a ftraight line, and the determinations 
of the forces be parallel, it is evident that the forces are reciprocally 
as the length of the arms. 

2. Hence alfo, in the angular Ballance P Cp, which turns about Plate I, 
the immoveable center C ; the fituation which it will be in, when Fig. 2. 
any two given bodies are fixed to the ends P and p, may be deter- 
mined, For if the line Pp, which joins the ends of the Ballance, be 
divided in reciprocal proportion to the weights, and the point of 
divifion T be made in the line C T drawn through the center, paral- 
lel to the direction of the weights ; I fay itis done; for PD and pF, 
being drawn parallel, and DCE perpendicular toC T ; it is evident 
that DCE is divided in C, in the fame proportion that P T p is in 
T, and that the weights may be fuppofed to be placed in the points 
Dand E. Wherefore this will be the fituation of the points P and 
p> that is, of the Ballance itfelf when the weights are in equilibrio. 

3. Inthe Ballance or Leaver it is evident, that two forces, fuch as Plate I. 
P and p, which, when the Ballance librates to and fro, are recipro-F'8: 1. 
cally as the velocities of the points D and E, reckoned according to 
the directions of thofe forces, will ballance each other. 


Of the INCLINED PLAIN. Prop. II. 


If a force, with a given direction, fupports a weight upon an in- 
clined Plain; that foree is to the weight, as the fine of the inclina- 
tion of the Plain to the fine of the angle which is made by the line in 
which the force atts, and the line perpendicular to the Plain. 

Dem. Let AB be the inclined Plain, ‘P the weight fupported, ppter. 
D PV the direction of the force which fupports the weight. Let Fig. 3. 
P C be drawn perpendicular to À B; and from the point C letCB 
be drawn parallel to the horizon, and perpendicular to the common 
feétion of the Plain and the horizon, meeting the Plainin B; and 
C A perpendicular to the horizon and alfo to CB, meeting the Plain 
in A, and the line in which the force a&tsin V. 

Now P may be conceived to be held unmoved by three forces 
acting together; one of.which is the force of the weight itfelf tend- 
ing downwards in aline parallel to VC; the fecond is the force 

acting 
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acting, in the line D P V; and the third is the refiftance of the Plain 
itfelf, ating in the line C P perpendicular to the Plain: But thefe 
three forces are to each other (from what was faid before) as the fides 
of the triangle V PC; as will be evident, by drawing a line through 
P parallel to V C, and compleating the parallelogram. The force 
therefore is to the weight which it fuftains, as PV to VC; that is, 
as the fine of the angle VCP, or ABC, to the fine of the angle 
OPW or CPD.) 1O22.D." | | 
Corel. 1. If the points V and A coincide, that is, if the force acts 
according to the direétion BA, the angle CPD will be aright 
angle; and therefore, in that cafe, the force is to the weight as the 
fine of the inclination of the Plain to the radius,,or as the height of 
the Plain AC toitslength AB. And in this-cafe, the force which 
is required to fupport a given weight is leaft of all; becaufe the 
proportion of the fine of the inclination of the Plain to the radius, is 
lefs than its proportion to any other fine whatfoever. | 
2. Ifthe point V falls above A, the greater the angle AP V is, fo 
much the more force is neceflary to fupport the given weight upon 
the Plain AB. Infomuch, that by increafing the angle AP V, the 
proportion of the fine of the angle A BC to the fine of the angle 
CP Dis alfo increafed, ‘till PV, A V becoming parallel, and the 
angles V C P, CPD for that reafon equal, the force and the weight 
will alfo become equal. | | | | 
3. So likewife, if the point V falls below A, as at v, the force 
requifite to fupport the given weight, is again increafed: the angle 
A P v being increafed, till Pv, v C become equal, the force and the ~ 
weight will become equal again, Further, when the lines P v, PC 
coincide, and the angle v P C by that means vanifhes, the fine of the 
angle A B C will bear an infinite proportion to the fine of that; that 
is, no finite force whatfoever, acting in a line perpendicular to the 
plain, will be able to fupport the weight upon the plain. 
4. Ifthe line in which the force acts be parallel to the bafe of the 
plain, the weight is to the force which fupports it as BC to CA, or as 
the bafe of the plain to the height of it. | 


5. If 
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If from the point P, P F be let fall perpendicular to BC, and from Plate f, 
the point C, C G perpendicular to V P, it will eafily appear, thatFig. 4. 
P V is to VC (that is, the force is to the weight) as C F to CG. 
Wherefore the force and the weight will then fupport one another 
upon an inclined plain, when they are to each other reciprocally as 
perpendiculars drawn from the point C to the lines in which they 
act; or (if G C F be looked upon as an angular ballance moveable 
about thecenter C) reciprocally asthe velocities of the points G and 
F reckoned upon the lines in which the forces act. 


Of tte WEDGE. Prop. II. 


If three forces ating together upon an Ifofceles Wedge, in lines 
perpendicular to the three plains of the Wedge, two of which forces, 
viz. thofe acting upon the fides, are equal to each other, and the 
direction of the third, which acts upon the bafe of the Wedge, 
paffes through its vertex; if, I fay, thefe three forces fupport each 
other, the force acting upon the bafe will be to the other two, as the 
bafe of the wedge to the fum of its fides. 

Dem. Let ABC reprefent a wedge ; and.let C G be perpendicular plate 1. 
to AB, and GD, Gd perpendicular to AC, BC, and thefe Fig. 5. - 
will be the directions of the three forces, In the lines GD, 

G d produced, let DE and de be taken equal to each other, which 

may therefore reprefent the two equal forces, which act upon the 

fides inthe directions ED, ed, Let EF, e fbe drawn parallel to 

AB, and DF, df parallel toGC, fo as to form the triangles, DEF, 

def. Now each of the forces E D, ed, may be imagined to be 

refolved into two other forces, which are to each other as EFtoF D, 

and ef to fd, and to aét in thofe lines: And thofe two, which are 

as EF, ef, becaufe they are equal and oppofite, will deftroy each 

other. But the force which acts upon the bafe AB, in the line GC; 

becaufe it fupports the two other forces F D, fd, both which are the 

fame way, and act in a contrary direction to that force upon the 

bafe, is therefore equal to the fum of them. The force, therefore, 

acting upon the bafe of the wedge, isto the fum of the forces acting 

upon its fides asD F + dftoD E + de or (by the fimilar trian- 

gles) AG + GB that is, A Bto AC + CB. | 
C _ Corel; 


Plate I. 
Fig. 6. 


Plate I. 
Fig. 7. 
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Corol, The velocities of the Wedge, and of the body refifting it, 
reckoned in the perpendicular direction before explained, are to each 
other reciprocally, as the force acting upon the bale to the force act- 
ing upon the fides of the wedge, when thefe forces are in equilibrio. 

For when the Wedge A BC is driven up to the top, or is in the 
fituation a Bc, it is evident, that the parts of the body that is cleaved 
have receded from each other the length g d or G D, in the direétion 
of the line perpendicular to AC or a¢ ; GC therefore is the velocity 
of the Wedge, and GD the velocity of the refifting body. But (by 
the fimilar triangles) GC is to G D, as AC to A G, that is, as AC 
+ CBto AB. And the proportion will be evidently the fame, 
whatever fituation the Wedge be in, between the parts of the body 
to be cleaved by it. - À 


Of the SCREW. , 

A Définition. Vf the plain of the triangle A BC (whofe hypothe. 
nufe reprefents fuch an'inclined plain as was explained above in the 
fecond propofition) be conceived to be fo fitted to the concave fuper- 
ficies of à hollow cylindé, (the circumference of whofe bafe ts equal 
tothe lite BC) that, the plain À B C coinciding with the fuperficies 
of the cylinder, the line BC may be bent into‘the periphery of a cir- 
cle equal'and parallélito the circumference ‘of the bafe; the line BA 
will form a kind of fpiral, afcending upon the cylindrical fuperficies, 
and furrounding“it once. So likewife it feveral planes, fuch as A ae, 
equal and fimilar to the former, and whofe right angles are fubtended 
by the line BA produced, be ‘imagined to be fitted in the fame man- 
ner to the fame fuperficies, diftant from each ôther by the fpace À C 
ot ac, (their common height) there will be many fpirals formed by 
the lines A a, &c. all continued from one to another, and each of 
them once furrounding the cylindrical fuperficies. Further, if other 


_ planes fimilar and equal to ABC, be concéived in the fame manner | 


to be fitted to the gibbous fuperficies of another cylinder, whofe bafe 
is equal to the bafe of the concave fuperficies of the former cylinder ; 
there will by this means be fpirals formed in this gibbous fuperficies, 
exactly like thole in the concave one ‘before. Now if the latter 
cylinder, which may be turned about its ‘axis by means of’a leaver 

paffing 


Of te MECHANICAL POWERS, 4 


pafing through the center of either of its bafes, and lying in the 
plain of that bafe, be imagined to be fo placed within the former 
cylinder, which is fixed and immoveable, that, the fuperficies agree- 
ing, the fpirals formed in each fuperficies may agree with one ano- 
ther alfo; and if it be fo contrived that they fhall always thus agree, 
when the internal cylinder is turned about its axis, and its bafe 
recedes from or approaches to the bafe of the external cylinder; it is 
evident that two Screws, the male and the female, may be conceived 
to be thus generated. | 

Prop. 4. In the Screw, as the altitude of one fpiral is tothe cir- 
cumference of the circle, whofe radius is the leaver by which the 
internal cylinder is turned round ; fo is the force, perpendicularly 
applied to the end of that leaver, to the weight lifted up by the fcrew, 
when the force and the weight are in ‘equilibrio. 

Dem, Let the axis of the fcrew be perpendicular to the horizon ; Plate T. 
and the pofition of the leaver, by which the internal cylinder is turned Fig. 8. 
about its axis, will be horizontal, Let the weight be placed any 
where in the line of the axis; and then that weight, by means of 
the internal cylinder, will prefs with equal force (in directions per- 
pendicular to the horizon) upon every individual point of the fpirals 
of the external cylinder; and the fum of the forces with which all 
thefe points are preffed, will be the fame as the whole weight to be 
lifted up, But let us firft confider the force, or that part of the 
whole weight which preffes upon any particular point. Now it is 
eafy to fee that the fame force, in a horizontal direction, -which is 
able to fupport the weight which preffes upon any one point of the 
fpiral, upon the inclined plain of which that fpiral is formed ; -that 
fame force, with the fame direction, is alfo fufficient to fupport the 
fame weight upon thc fpiral; and that thereis plainly no difference, 
whether this force be immediately applied to the point which is 
prefied, or be in any other line touching the bale of the internal cylin- 
der. Let BC therefore be the circumference of that bafe, A C the 
radius, A G the Jeaver by which the internal cylinder.is turned abeut 
its axis, F GH the circle defcribed by the radius AG, Thefe 
things being fuppofed, from what has been faid, together with the 

| definition 
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definition of a Screw, and the fourth Corollary of the fecond Propo--_ 
fition, it follows, that as the height of one fpiral is to the periphery 
B C, fo is the force applied to the point €, in a direction perpendi- 
cular to AC, to that part of the whole weight which that force fup- 
ports upon any one point of the fpiral, And (by the property of 
the leaver) as the circumference B C is to the circumference FH, 
(that is, as AC to AG) fois the force exercifed in G to the force 
exercifed in C ; becaufe the directions of thefe forces being parallel, 
they have equal power in the leaver A C G, whofe center is A. 
Therefore (equally by perturbation) as the height of one fpiral to the 
periphery F H, fo is the force which, exercifed in G, fupports that : 
part of the whole weight by which any one point of the fpiral is 
preffed, tothat part of the weight itfelf: And as the force which 
{upports that one particular part of the whole weight is to that one 
particular part of the weight, fo is the force which, acting in the 
{ame direction, fupports all the parts of the weight, that is the whole 
weight, to all thofe parts together, that is to fupport the whole 
weight. Therefore, &c. Q, E. D. Fra 

Corol, The circular velocity of that force by which the Screw is 
turned round, and the velocity of the weight which is lifted up by 
means of the Screw, are to each other reciprocally as thofe forces 
when they are in e;#ilibrio. For it is evident, that in a whole revo- 
lution of the feaver, the weight is raifed juft the height of one fpiral, 
and that in every part of the revolution the weight is raifed propor- 
tionably. | 


Of th PULLEY or WINDLESS. Prop. V. 


It is evident, that the Pulley may be accounted for in the fame 
manner as the ballance or leaver, in which the forces are employed 
either on the fame fide of the center, or on both fides; which, when 
they are in equilibrio, are to each other reciprocally as perpendiculars, 
Jet fall from the point which reprefents the center of the leaver, to 
their directions. And hence the forces of engines, which confift of 
many Pullies, according as they are differently framed, may eafily be 
explained. If the compofition of the Pullies, or the manner of 

framing 
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framing the Windlefs be fuch, that the ropes which are fitted to the 
pullies are parallel to one another; andthe weight be fo fufpended in 
the midft of the ropes, as to draw every one of them with equal 
force; it is felf-evident, that the force is tothe weight which it fup- 
ports, as one to the number of ropes. For when that force is 
applied to one of the ropes only, it is direétly oppofed to that part 
only of the whole weight which draws that rope, the pin to which 
the Windlefs is fixed, fupporting the other parts of the whole 
weight, 

It is alfo evident, that inthis engine the force and the weight, 
when they are in eguilibric, are to each other reciprocally as their 
velocities when the force raifes the weight. For it is manifeft, that 
thefe velocities are to each other as the decreafe of the length of all 
the ropes which fupport the weight, taken together, to the increafe 
of the length of the rope to which the force is applied, in the fame 
time; and that juft fo much as is loft in a given time in 4// the 
lengths of the ropes which fupport the weight, the very fame is 
gained, in the fame time, in the one length of that rope to which the 
force is applied. | 
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HE weights and velocities with which two fpherical bodies, 

perfectly elaftic, whofe centers are moved in the fame ftraight 
line, meet each other, being given ; to find their velocities after they 
have met. 

In the following computation, the motion of elaftic bodies after 
ftriking againft each other, is fuppofed to arife from two caufes, 

I. From fimple impulfe. By the force of which alone, if the 
bodies had no elaftic force, each body after they had met would 
either wholly reft, wiz. if they meet each other with equal motion; 
or they would go both on together, as if they were united into one 
body, with the fame velocity; and the fum of their motions, (if 
they moved both the fame way) or the difference of their motions, 
{if they moved contrary ways) would continue the fame after their 
meeting as before. 

| D IJ. From 
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II. From e¢laftic force. Which, in bodies perfectly elaftic, is equal 
to the force with which they are comprefled ; that is, when two 
fuch bodies are ftruck againft each other, it is equivalent to that 
motion which one of them would gain or lofe by fimple impulfe 
only. This force acts the contrary way, and therefore the motion 
which is produced by it muft be fubftracted from that motion which 
is in the body impelling, and added to that motion which is in the: 
body impelled, by the force of fimple impulfe only, in order to find. 
their velocities after reflection. : ) 

This being fuppofed, let A and B be two perfeétly elaftic bodies, 
and let A either overtake B or meet it; let their velocities. be a and 
ë. Then the motion of A will be Aa, and the motion of B will bé 
B#, and the quantity of motion in them both together, if they be 
moved the fame or contrary ways, will be A a E Bb, which (by the 
firft pofition) will be the fame after their impulfe as before. Now 
(if they had no elaftic force) their common velocity after they had 

met, would be : 


, and therefore the motion of A, 


ABatB2b | .  AZatABb | 
and that of Hee eee Now if the motion ann which 
A+B A+B 


remains in A after the impulfe be fubftracted from the motion A a, 
which it had at rit, there will remain the motion eae which 
the body A has loft by fimple impulfe only. Now if this motion be 
fubftracted from the motion a Be al whichis in A, and added to the: 

Abe which is in B after their meeting, from the firft 


: Aa 2ABb—ABa 
-caufe only, the remainder = 


motion 


en will (by the fecond pofi-- 
pi de de Sr 

tion) be the motion of A, and the fum RER RS will be the- 
motion of B, from both caufes together, after refleCtion, And by 
dividing feparately thefe motions by their bodies, we fhall have 
Aat2Bb —Ba ee ty aaah zAa=Bb+ Ab f th I 

ATA dB 2 POC ARE, VERO CIR Of aap ARRET LENS | Ra ee 
city of B after reflection. 9, £.F. (See Newton's Algebra, pag. 91. 
Prob. 12.) N. B. 
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N. B. It may fo happen, that the body A, whether it overtakes B. 
or meets it, may lofe all its motion, or be driven back the contrary 
to that it moved before they met. Wherefore in this cafe the quan- 
.. Aa+2Bb Ba 
OY eb 
will either become nothing (the negative and pofitive terms deftroy- 
ing one another) or negative. So likewife it may happen, that 
when the body B meets A, it may, after their meeting, either reft or 
go on to be Moved the contrary way to that A was moved in, before 
they met; and then the quantity by which the velocity is expreffed. 
will either be nothing or (as at firft) negative. But if it be driven 
back the fame way that A was moved in at firft, the quantity by 
which the velocity is expreffed, will be pofitive. For fince the velo- 
city that way which A was at firft moved in, is expreffed by the fign 
+ 5 it is evident, that the velocity the contrary way ought to be 
exprefied by the contrary fign — throughout the whole compu- 
tation. | 

From thefe general quantities now found, by which the velocities 
_ of the bodies A and B are exprefled, it is eafy to deduce the laws of 

motion, which are obferved by any perfeétly elaftic bodies after 
reflection, in any given cafe whatfoever. For example. 

1. If the velocities of two bodies meeting each other, be recipro- 
cally as their weights, in this cafe it will be A à = Bb, and therefore 
the quantity by which the velocity of A is exprefied, = aac 


as . That is, each body after 


by which the velocity after reflection is exprefléd, 


=a; and that of B, = 


their impulfe will go back with the fame velocity with which they 

met eachother. . | 
2. lf A ftrikes againft B when it is at reft, the velocity of A will - 
be (the quantity B, and confequently its multiples B b, &c. vanith-. 
. Aa Ba > 2Aa ‘ 
ing) = re and the velocity of B will be = Ki? that is, as: 
the fum of their bodies is to their difference, fo is the velocity of the 
body A, before reflection, to its velocity after reflection, And ay ai 
un. 


12 On ihe Coneress of ELASTIC BODIES. 


{am of the bodies to double the impelling body, fo is the velocity of 
A, before reflection, to the velocity of B after reflection. 

_ If A be equal to B, and ftrikes againft it when itis at reft, the 
velocity of A will be =, and the velocity of B will be = a, Which 
fhews that the body A, after ftriking, will be at reft, and the body B 
will be moved with the fame celerity after the impulfe, that À was 
moved with before the impulfe. 

4. If A andB be equal, and meet each other with unequal velo- 
city, the velocity of A after meeting willbe = —b; and the velocity 
of Baa. ‘That is, each of them will return back after meeting, 
having changed their velocity. 

S'AUA and B be equal, and A overtakes B, the velocity of A will 
be =: b, andthe velocity of Baa. Thats, they will both move the | 
fame way they did before, having changed their velocity. 

Lemma. If there be three unequal quantities, A, B, C; and A be 


. lefs than B, and B lefsthanC, I fay, (49 that B + ee is lefs than 


AC; (2) that B+ AS is leaft of all, when Bis a mean pro- 
portional between A and C. 


Dem. The firft part is evident from Prop. 25. Book 5. of Euclid. 
The fecond part may be demonftrated thus, Let M be a mean 


proportional between A and C; then M7? = AC. Nowif M and 
B be equal, itis B Lae =2Mor2B. But if there be any differ- 
ence between M and B, let that difference be D; andit will be M 
em à Ep = B + La ButMED+ SRE is greater than 
2 M, as is evident by multiplying each of them by MED, and com- 
paring their products together, Therefore, &c. 9. E. D. | 
“6. Let there be three elaftic bodies, as mentioned in the Lemma, 
A,B,C; and let A ftrike againft B at reft, and after that, Jet B 
{trike againft C at reft alfo; I fay, that by this means, the body C 
will acquire greater velocity than if it had been ftruck immediately 
by A alone, without the interpofition of B; and that it then acquires 
| | | he the 
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the greateft velocity, when Bis a mean proportional between A andC. 
(And the fame holds true, if the motion begins with the body C.) 

. For by the fecond law explained above, the velocity of C, if it 
were impelled by A only, and the body B not between them, will be 
-2Aa 4Aa x , 
ere And by the fame law the velocity of C, when 
ftruck by the body B with that motion which was given it by A, 


ie i Manat EE | 
will be AzC+È+AC, which two fractions, becaufe they have the 
B. | 
{ame common numerator (4 Aa) are to one another as their denomi- 
nators inverfely. Wherefore the velocity of C in the firft cafe, is 


. ‘ : AC 
to its velocity in the fecond, as A+ C+B+—- to 2A+2C, But 


(by the Lemma) Ba is lefs than A+-C, and leaft of all. when 
A, B, and C are in continual proportion. Therefore A+-C+B- 
— is lefs than2A+-2C, That is, the velocity of C inthe firft cafe 


is lefs than its velocity in the fecond; and this inequality is greateft, 
when A, B, and C, are in continual proportion. If the motion 
begins at the body C, then if ¢ reprefents its celerity, and be fubfti- 
tuted in the room of a, the Demonftration will be the fame. 

* 7. The more bodies there are of a different magnitude, between 
» any two bodies, fo much greater will the velocity of the laft be; and 
it will be the greateft of all, if the bodics be in a continued propor- 
tion. This eafily follows from the preceding articles. - 

8. Perfectly elaftic bodies recede from each other after reflection, 
with the fame relative velocity that they approached each other with 
before reflection ; that is, in any given time, the diftance between 
the two bodies before and after their meeting, will be the fame at 
the end of that time. For the diftance ofsthe bodies in any given 
time, before they meet, may be exprefled by ab: viz, the fame 


quantities by which the difference of their velocities, if they be 


moved the fame way, or the fum of their velocities, if they be moved 
different ways, is reprefented : Alfo the fpaces which they defcribe 
E | feparately 


™~ 
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{eparately in a given time, after reflection, may be expreffed by the 


fame quantities by which their celerities are exprefléd ; wherefore, f 


22227 which expreffes the fpsce run thro’ 
A+B 


by the body B after meeting, the fame way that A moved before 


ne. be fubftracted APP which expreffes the-f | 
meeting, be fubftraéted ——— which exprefies the fpace run 


through by the body A in the fame time, and the fame way; the 


remainder aaa Pda —a7_b, will give the diftance of the two 
mi | 
bodies at the end of the given time, after reflection. 


And by the like reafoning, other laws may be found. 


from the quantity 
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IR Ifaac Newton has fhewn, that the gravity of bodies, which are 
KD above the fuperficics of the earth, is reciprocally as the iquares 


of their diftances from its center; but the Theorems concerning the - 


defcent of heavy bodies, demonftrated by Gallilæus, Hugens, and 
others, are built upon this foundation, that the action of gravity is 
the fame at all diftances. The confequences of which hypothefis 
are found to be very nearly agreeable to experience, becaufe the 
{paces to which bodies can be carried above the fuperficies, are 10 
very fmall, compared with the length of the earth’s femi-diameter, 
that the difference of the diftances from its center may be looked 
upon as nothing, Suppofing therefore the action of gravity to be 
equable, and that there is no,refiftance in the medium through which 
bodies fall; the following Theorems may be thus demonftrated. 
Prop. I. The velocities acquired by a heavy body, which was at 
reft till it began to fall, at the conclufion of any times computed 


fromthe beginning of their fall, bear the fame proportion to each 


other as thefe times. | 
For it is evident, that in a motion performed in the fame ftraight 
line, and accelerated by equal and fucceffive impulfes, the velocities 
acquired mutt be as the number of impulfes. If therefore we ima- 
gine the time of the defcent to be divided into infinitely fmall and 
ter) | equal 


Sa 
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equal moments or points of time, and that the force by which the 
heavy body is urged downward, adds in every one of thefe moments 
a new impulfe to it, always equal to the foregoing one; that is, acts 
upon it continually in the fame way and manner; it is manifeit, 
that the heavy body may be apprehended to have received as many 
Impulfes while it was falling, as there are moments of time com- 
puted from the beginning of its defcent. The velocities acquired, 
therefore, are as the number of moments computed, that is, as the: 
times taken up in falling. Q, Z, D. 

Corol. In the right angled triangle ABC, if AB, AD reprefent Plate I. 
the times of defcent, and if B C reprefents the velocity acquired at Fig: 9» 
the end of the time AB; then DE, parallel to BC, will reprefent 
the velocity at the end of the time A D. 

Prop. II. The fpaces run through by a heayy body, which was at 
reft before it began to fall, in any times computed from the begin- 
ning of the fall, are in a duplicate proportion, both of thofe times 
and of the velocities acquired at the end of thofe times. | 

For it is evident, that the fpaces which a heavy body paffes thro” 
in falling, in any times whatfoever, are to one another as the fums of 
the velocities with which the heavy body is carried in every one of 
the moments of thofe times. Now, the preceding Corollary being 
granted, every one of the lines that are parallel to DE, in the trian- 
gle ADE, do each of them reprefent every one of the velocities 
with which the heavy body is carried in the correfpondent moments 
of the time reprefented by AD. (by the preceding Corol.) ‘There- 
fore the fum of thefe lines, or the triangle A D E, will reprefent the 
fum of all the velocities with which the heavy body is carried in the 
time AD. For the fame reafon, the triangle ABC will reprefent 
the fum of the velocities with which the heavy body is carried in the 
time AB. The fpaces, therefore, run through in the times A D, 
A B are to each other as the triangles ADE, ABC. Butthefe tri- 
angles are to one another in a duplicate proportion, as well of A D to 
AB as of DEto BC; that is, as well of the times of their defcent 
as of their final velocities. ‘The fpaces therefore run through are to 
one another in the fame proportion. 9, £, D. 

Corot. 


Plated. 


Fig. 9. 


Plate I. 
Fig. 10. 
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Corel. If the times, computed from the beginning of the fall, be 
to one another as numbers increafing in the rank 1, 2, 3, 4, ETC. 
the spaces run thro’ in thele times will be as the fquares of thefe 
numbers, viz. as the numbers 1, 4, 9, 16, &c. and the fpaces run 
through in equal contiguous times, will be as the odd numbers 
1,3 53°75 2S | 

Prop. III. The fpace run through by a heavy body, which was 
at reft before it began to fall, in any time whatfoever, is half the 
{pace which it would run through in the fame time, with an equable 
motion with the velocity acquired in the laft moment of its fall, 

Let A B reprefent the time of the defcent; BC the velocity ac- 

quired at the end of it, and let the triangle A BC be completed into 
the parallelogram BF: Itis manifeft, that the fpace pafied through 
inthe time A B, with the equable velocity BC, is rightly reprefented 
by this parallelogram, But the triangle AB C is half this parallelo- 
gram. Therefore, &c. Q, £. D. 
? N.B. The three foregoing Theorems are true alfo, if applied to 
heavy bodies defcending upon any inclined planes ; becaufe they are 
urged along thofe planes by a force which is given and equable, and 
which is to the force of gravity, as the height of the plane to the 
length of it. See page 3. | 

Prop. IV. The velocity ultimately acquired in falling along any 
inclined plane AC, is equal to the velocity acquired in falling the 
altitude of it AB; and therefore the velocities ultimately acquired 
in falling along any inclined planes AC, AD, whofe altitude is the 
fame, are equal: And the times of their defcent along the fame | 
planes, are as the lengths of thofe planes. 

From what has been already faid, it is evident, that in motions | 
equably accelerated, the velocities generated in a given time, and 
confequently the fpaces run through, are to each other as the forces 
by which the velocity is generated. 

Firft then, let the perpendicular BP be let fall from B to AC; 
and the heavy body, in defcending along AC, will arrive at P, in 

th fame time that it would arrive at B, in falling from A; (for 
AB isto AP, as AC toAB; thatis, as the force with which the 
| heavy 
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heavy body is urged along A B, to the force with which it is urged 
along the plane AC;) wherefore the velocity in B is alfo to the ve- 
locity in P, as AB to AP; but the velocity in P is to the velocity 
in C, in a fubduplicate ratio (by Prop. 2.) of AP to AC; that is, 
as AP to AB. The velocity in B therefore is to the velocity in 
C, ina ratio compounded of ABto AP, and AP to AB; but 
this is a ratio of equality. Therefore, &c. Secondly, becaufe the 
time of the defcent from A to P is tothe time of defcent from A to 
C, in a fubduplicate ratio (by Prop. 2.) of À P to AC alfo; that is, 
as AP to AB, or as AB to AC; and becaufe a heavy body, in 
falling from A, will arrive at B in the fame time as at P ; therefore 
the time of defcent along A Bis to the time of defcent along AC, as 
A Bto AC. And for the fame reafon, the time along AD, as AB 
to.AD. Therefore, &c. Q, E. D. | 

Prop. V. If the diameter A B of any circle be ereéted perpendi- Plate I. 
cular to the horizon, the times of defcent along any chords, fuch as Fig. 17. 
BC drawn from the extremity of it, are equal; and the velocities 
acquired in the point B are to each other as thofe chords. | 

For if C D be let fall perpendicular from € to AB: Firft, the 
time of defcent from A to B is to the time of defcent from D to B, 
as A BtoCB. (by Prop. 2.) And the time from D to Bis to the 
time from C to B, as D Bto C B.(by Prop. 4.) Therefore the time 
from A to B is to the time from C to B, in the ratio compounded of 
AB to BC and DBto BC, orasABxBDtoBCq. But thefe 
are equal, and confequently the times of defcent are equal. Where- 
fore, fince the times of defcent along any chords are all equal to the 
time of defcent through the diameter, they are alfo equal to each 
other. Secondly, the velocity acquired in falling from D to B and 
irom C to B, is the fame. (by Prop. 4.) Now this latter is to the 
velocity acquired. in falling from A toB, as CBto AB. (by Prop. 
2.) Theretore, &c. Q. E. D. | 

Corol. Hence we fee the reafon, why the times of the vibrations 
of a Pendulum defcribing very fmall arches of a circle, are very 
nearly equal; for thofe arches differ very little from their chords, 
either in length or pofition. 

Prop. 


Plate I. 
Fig. 12. 
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Prop. VI. If a heavy body defcends from any altitude, through 
never {o many contiguous planes of any fort, and any inclination 
whatfoever A B, BC, CD; it will acquire the fame velocity at the 


Jaft, as it would acquire in falling perpendicularly from the fame 
height, | 


Let AF, DG, be drawn parallel to the horizon : let CB, DC, 


be produced till they meet A F in the points E and F, and let the 
perpendicular F G be let fall. | 


_ The heavy body, in falling from A to B, will acquire the fame 
velocity, as if it had come to B along E B. (by Prop. 4.) Where- » 
fore, fiance the turning out of its courfe at Bis fuppofed no way to 
hinder its motion, it will have the fame velocity in C, as if it had 
defcended along EC; that is as if it had defcended along C F. (by 
Prop. 4) Therefore it will have the fame velocity in D, as if it had 


defcended along F D: And this is equal to that which it would have 


had, in falling perpendicularly along F G. (by Prop. 4.) There- 
forget. Dante 


Corel, A heavy body, defcending in any curve, will acquire the 


fame velocity as it would acquire in falling from the fame perpendi- | 


Plate I. : 


F. 12, 13: 


cular height; for a curve may be looked upon as compofed of an 
infinite number of ftraight lines. — | 

Prop, VII. Ifthe inclination of any number of contiguous planes 
whatfoever, AB, BC, C D, ab, bc, cd, be in the fame, and the 
ratio of their lengths be the fame; the times in which they will be 
run through by a heavy body, will be in a fubduplicate ratio of thofe 
leneths taken together. if 

Let AF, a f, be drawn parallel tothe horizon ; and let BC, C D, 
bc, cd, be produced till they meet A F, af, in E and F, e and f. 
It is evident, by the hypothefis, that B E has the fame ratio to be, 
and CEtoce, andDFtodf, as AB hasto a b, or BCtobe, or 
CDtocd; and alfo as AB + BC +C Dbas to ab + bc + cd. 
Now becaufe of the equal angles BAE, bae, the times of the - 
defcents along AB, ab, will be in a fubduplicate ratio of A Btoab; 
(by Prop. 2.) and the velocities in the points B and b will be in the 
fame as would have been acquired in falling along EB, eb. (by 

| Prop. 
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Prop. 4.) If therefore the motion be continued, the {paces BC, be 
will be run through in the fame times as if the heavy body had be- 
gun to fall from the points Ee. Butthe times of the defcents, as 
well through E B, eb, as through EC, ec, are in a fubduplicate 
ratio of thofe lines; that is, in a fubduplicate ratio of AB to ab. 
Therefore (by divifion) the times along BC, bc, after having fallen 
along A B, a b, are in the fame ratio. And therefore (by compofi- 
tion) the times along AB + BC +CD,ab +bc+cd,arein 
the fame ratio alfo. Inthe fame manner it may be demonftrated, 
that the times of paffing through AB + BC + CD, a b +bc 
+- cd, are in the fame ratio of À B to a b, or of AB + BC + CD, 
to ab + bc + cd, and fo on for ever, let the number of planes be 
never fo many. Therefore, &c. QE. D. 

Corol. 1. The times in which a heavy body runs through fimilar 
parts of curves, whofe pofitions are the fame, are in a fubduplicate 
ratio of thofe parts. For thofe parts of curves may be looked upon 
as compofed of an infinite number of ftraight lines, whofe ratio is 
given, and their inclination to each other fimilar. 

Corol. 2. The times in which pendulums, defcribing fimilar arches 
of circles, vibrate, are in a fubduplicate ratio of the lengths of the 
threads; for thefe threads or radius’s of circles are in the fame ratio 
as their fimilar arches. And the fame holds true, though the arches 
be not fimilar, provided they be very fmall. (by Corol. Prop. 5.) 


On the Motion of PROJECTILES. 
NAHE fame law of gravity being fuppofed as before, and that 
there is no refiftance from the medium, and that heavy bodies 
defcend perpendicularly to a given horizontal plane; (which hypo- 
thefis, becaule of the fmall fpaces through which bodies are projected, 
compared with the earth’s circumference, differs very infenfibly from 
- the truth) the affections of the motion of Projeétiles may eafily be 

demonftrated. P 
Prop. VIII. If a body goes along with a compound motion, con- 
fifting of an equable motion in a ftraight line given in pofition, and 
of the motion arifing from the force of gravity ; it will defcribe a 
| parabolick 


Plate I. . 
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parabolick curve, which the ftraight line given in pofition will touch 
in the point where the body begins to move, and all the diameters 
of this curve will be perpendicular to the horizon, 

Let the body be moved from the point P, with an equable motion 
according to the direction of the line P L given in pofition; and at 
the fame time let it be drawn downwards by its own gravity, accord- 
ing to the direction of P G, perpendicular to the horizon P H. Now 
fince neither of thefe motions hinder the other fo, but that the body 
may go on according to the direétion of the line P L in the tame 
manner, as if the force of gravity did not act at all; and that it 
may likewife defcend according to the direction of the line P G in 
the fame manner as if it had not been impelled by the projectile 
motion: If the body moves through the fpaces PL, PI with an 
equable motion, in the fame times as it would fall through the {paces 
PG, pq; it is manifeft, that if G V, g v, be drawn parallel to PL, 
and LV, lv, parallel to PG, till they meet each other in the points 
V,v, the body will be found at the end of thofe times in the points 
V,v. Now becaufe the motion along the line PL is equable, 
PL, P 1, will be to each other as the times in which they are pafled 
through; but P G will be to Pg as the fquares of thofe times. (by 
Prop. 2.) PG therefore, or LV, is to Pg or lv, as P La to Plq: 
All the points V v therefore, are in a parabolick curve, which P L 
touches in the point P, and all the diameters of which are parallel to 
PG; that is, perpendicular to the horizon. Q, E, D. ; 

When I mention hereafter the Parameter fingly, you are to under- 
ftand that Parameter which belongs to that point in the curve 
defcribed from whence the projection is made. 

Prop, IX. The velocity with which the body is projected along 
the line PL, is equal to that which it would acquire in falling thro’ 
a fourth part of the parameter. 

A body with an equable motion pañes through the fpace P I, in 
the fame 4ime that it falls through the fpace lv.- Now if PI be 
taken equal to half the parameter, 1 v will be equal to half P 1. Now 
the velocity acquired in falling through 1 v is fuch, that double the 
{pace 1 v, that is, the fpace PI, would be run through in the time of 


1ts 
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its fall. (by Prop. 3.) But the body by the projectile motion paffes 
through the fame {pace P I in the fame time. So that the velocity 
of the one is equal to the velocity of the other. Q, E, D. 

_ Corol, 1. If the velocity of the projectile motion be the fame, the 
parameter will be the fame, whatever the direction of the projec- 
tion be. 

Corol. 2. The velocity of a projected body, in any point of the 

curve which it defcribes, is the fame as it would acquire in falling 
through a fourth part of the parameter belonging to that point; 
and therefore the velocities of it, in different points, are in a fubdu- 
plicate ratio of the parameters belonging to thofe points. (by Prop. 
2.) For the projected body may be confidered in any point of the 
curve defcribed, as if it began to be moved firft in that point, ac- 
cording to the tangent of it, and afterwards defcribed the reft of the 
curve. 

Corol. 3. The velocity of a projected body is leaft, therefore, when Plate T. 
it isin the axis of the curves; and is the fame at equal diftances from Fig: 15. 
the axis on each fide, and the greater the more remote it is from 
the axis: And the velocities of it, in different points, are to each 
other as the fecants of the angles which the tangents to thofe points, 
-when produced, make with the horizontal line. For let the ftraight 
line PL touch the curve in the point P, and meet any diameter 
V H produced in L, and let P O be an ordinate from the point P to 
the fame diameter, which will therefore make the fame angles with 
the horizontal line P H, as the tangent of the curve in the point V 
does. Now if P H be the radius, PL, P O will be the fecants of 
the forementioned angles: And it is eafy to fhew, from the conic 
fections, that thefe fecants are to each other in a fubduplicate ratio of 
the parameters belonging to the points P and V; that is, (by the 
preceding Corol.) as the velocities of the projected body in the 
points P, V. 

Corol. 4. Let the projected body begin to move from the point Plate I. 
A, according to any direction A T: Let the horizontal line A H be Fig. 16. 
drawn, and A P erected perpendicularly to it, and equal to a fourth 
part of the parameter of any Sucve to be defcribed with a given 

force, 


22 On the Motion of PROJECTILES. 


ferce. ‘On-the diameter AP Jet the femicircle A T P'be defcribed, 
cutting the-direétion-of the projected body in T. From whence let 
TF be let fall perpendicular to PA. Now fince the projected 
body can run through a {pace double to P A with the velocity ac- 
quired in falling through P A, and in the fame time, (by Prop. 3.) 
and fince this velocity is equal to that with which the projected body 
goes out from the point À : (by Prop. 9.) if A P reprefents the 

time.of falling from P to A, the projected body will be carried ‘in 

the line of ‘its direGtion A T, through afpace double to AT, in the 

time ‘reprefented by the line AT ; and qe a fpace four times 

thelength of AT, in twice the time of AT. ‘Let that fpace be 

A‘E, ‘and from E let the perpendicular EH be let fall to the hori- 
zontdliline. Further, in the time reprefented by A T the projected 

body will fall ‘through the fpace F A, (by Prop. 2.) and'inthetime 

reprefented by double AT, it will fall through four times the 
fpace F A, or through the fpace EH: Phat is, in the famestime 

‘that the body by its-projeétile motion pañles through the fpace AE, 
it.will fall through ‘he fpace E'H, and fo meet the horizon; but 
AH js its horizontal fpace, and AF ‘the altitude of the parabola 
deferibed. ‘Whencethe following confeétaries flow allo. 

Corel. 5. ‘The ‘horizontal fpaces -defcribed by a projeéted body 
with a-given‘ferce, are:to each other asthe fines of double-the an- 
gles, which are made by ‘their directions -and the horizontal line; 
and therefore its greateft horizontal {pace is, when that angle:is thalf 
a fight angle, and it is equal .to ‘half the parameter-of ‘the curve 
deferibed ; andthefe fpaces-are equal,’ when the direétions of the pro- 
jeSied body differ froma right ‘angle by -equal angles on each fide : 
‘for thefe {paces areas the lines F f ; and if CT be the radius, FT 
is the fine of the angle F'C'T, which is double EA'H, whence the 
reft are manifeft. ‘i 

Corol, 6. The altitudes of the curves defcribed, are to each other 
asthe verfed-fines of the aforefaid angles, forithey are equal tothe 
lines F A, | Pr ae | 
iCorël.-7. The times-which-a projeéted body takes up‘in defcribing 
thofe parts of the curves, -whiéh are cut off by A biti line, - 
et rawn 
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drawn through the point where the projection is, are to each other 
as the fines of the angles which the directions make with the hori- 
zontal line ; for they are to each other as the lines AT, which, if 
P Aïbe the radius, are as the fines of the angles A P T, or EA-H. 

Prop. X. The horizontal diftance, PH, of any point V in thePlate I. 
curve which the projected body defcribes from the point P, where F8: 15:. 
the projection is made ; its perpendicular diftance from the horizon 
VH; and the angle LP H, which the direGtion of the projected 
body makes with the horizontal line, being given ; to find the para- 
meter and the vlocty of he projectile motion. 

P H and the angle L PH being given, PL and LH are given ; 


wherefore becaufe V'H is given, VL is alfo given; therefore Pilg 


the parameter is alfo given. And fince the {pace which a body falls 
through in a given time,is given ; viz. 164 London feet, in a fecond 
of time; it is eafy to colle& from Prop. 2. what.the time of the 
defcent through the.given line L V is; that is, the time in which the 
given line P L is run through by the projectile motion. 9. E, F, 
_ Prop. XI. Let B.be a mark,or any given point; let BD be.its plate 1, 
perpendicular diftance.from the horizontal plane, and let G D:be theF. 17, 18: 
horizontal, diftance of another given point G in the fame plane. Let 
GB be joined; and fromthe point G, let G P be eregted perpendi- 
cular to.G B; and let,the angle BG P be bifected, by the ftraight 
line GN; now if the mark B be hit.by a projection made according 
to any direction GK ; I fay, that the fame mark B willibe hit by.a 
projection made with the fame.force, according to another direction 
. Gi, which makes the angle.L GN with the bifecting line, equal to 
the angle NG K. Let the forementioned direétions meet -D.B pro- 
duced, in the.pointsK and L.  Becauië the velocity of the projected 
body, according to the lines. GK,.G L, is fuppofed to be the. fame, 
the times which it takes up in paffing through them, are in the fame 
ratio as the lines chemfelves; but.the fpaces which it falls. through 
fiom the points Kand,L, in thofe times, are to each other as the 
Squares of the times. (by Prop. 2.),they are therefore as GKqg to 
Glg. Nowibecaufe of the fimilar triangles GK B, LGB; BK is 
to, 
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BG, asGKtoGL; and BK toBG,as BG to BL. Therefore 
asGKq istoGLgq, foisBK to B L. Wherefore, fince BK (by 
the hypothefis and Prop. 8.) is the defcent of the projected body 
from the point K, in the time G K, LB will be its defcent from the 
point L in thetime GL. Therefore (by Prop. 8.) the fame mark 
B willbe hit by the direction GL alfo. Q, #.D. 

Corol. 1. If LK be bife@ted in F, DF will be equal to half the 
parameter of the curves defcribed. For the rectangle of the para- 
meter and L B, is equal to G L q; andthe rectangle of the tame 
parameter and K B, is equal to G K q. @ Gherefore the rectangle of. 
the fame parameter and L K, is equal to GLq—GKq; or DLq 
—DKq, or to the rectangle of DL - DK; that is, LK into 
DL DK. The parameter therefore is equal to DL 4 DK, the 
half of which is DF. | | 

Corel. 2. The nearer the directions GK, G Lare to the line which 
bifeéts the angle BGP, the lefsis the force required to hit the mark 
B; fo that there are no more than two directions, along which the 
fame mark may be hit with the fame force. For let the bifeCting 
line meet B D produced in N. Now fince the directions G K,-G I, 
are diftant from GN by equal angles, (by Propofition 3. Book 6. 
of Euclid) it is evident that the point F muft tall higher than the 
point N,or DF muft be greater than DN; and if GL andGK 
approach toGN, the point F ought to come to the point N; thatis, 
the parameter will be leffened (by the preceding Corol. 2.) and-con- 
fequently the force of the projectile motion. (by Prop. 9.) 

Corol. 3. If the direction of the force with which the given mark B 
is-hit, be the line GN itfelf, which bife€ts the angle BGP, then 
that force is the leaft, and that direction the only one, in which the 
mark B can be hit with that force: And the contrary. For when 
GK, G L coincide with GN, the point F will coincide with N, and 
DN will be half the parameter. Then the reft will follow from 
Prop. 11. and the preceding Corollaries. | 

Corol, 4. Hence we fee the reafon of the mechanical practice of di- 
recting a cannon, fo as to hit the mark with the leaft force, For 
having fixed a plain looking-glafs perpendicular to the bore of the 

cannon ; 
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cannon ; let the cannon be inclined, ’till the eye, looking along a 
thread hanging freely with a lead at the end of it, can fee the mark 
reflected by that part of the looking-glafs over which the lead hangs. 
Then it is evident, from the nature of reflection and the preceding 
Corollary, that you have the direction required. 

Corel. 5. The higheft points which can be hit with a given force, 
at any horizontal diftances, are all of them in the curve of a para- 
bola, whofe focus is thé point from the projections are made; whofe 
axis 1s perpendicular to the horizon, and the parameter to the axis, 
the fame as that of all curves defcribed with a given force. 

For let G P H be a parabola, G the focus, G P the axis perpendi- Plate I. 
cular to the horizon ; the parameter to the axis the fame as that of Fig. 19. 
curves defcribed with a given force. Let any horizontal diftance 
GD be taken, and from the point D let the perpendicular DB be 
erected, meeting the curve in B; I fay, the point B is the higheft 
that can be hit with a given force, at the diftance G D; or the given 
force is the leaft that can hit that point. For if GB be drawn, 

G BEBD will be equal to half the parameter of the curve defcribed 

by the leaft force that B can be hit by. For in order to have that 

force hit the point B, the direction muft bife& the angle BG P ; (by 
Corol. 3.) then, by reafon of that angle’s being fo bifeéted, and D B, 

G P being parallel, the triangle GBN will be Ifofceles ; and GB Plate I. 
BD equal to DN, that is, to half the parameter ; as is evident: 17» 18. 
from that Corollary. Now in the parabola G PH, let BO be an Platel. 
ordinate to the axis, and let the tangent B T be drawn, meeting the Fig: 19- 
axis produced in T ; then (becaufe from the nature of the parabola, 

PO and PT, GB and GT, GO and DB are equal) G BED B is 

equal to dcuble G P, that is, (by conftruétion) equal to half a para- 

meter of the curve defcribed by a given force. ‘Therefore the given 

force is the leaft by which the point B in the curve of the parabola 

G BH canbe hit: Whence the thing propofed is manifeft. 

Corol, 6. If DF be given, and equal to half the parameter of the Plate I. 
curves paffing through the point B, and from the point F be takenF. 17,18. 
equal lines F [., FK, fo as thatG L, GK being drawn, they may 
make equal angles with the line G N,»which bifeéts the angle BG P; 

H GL 


_ Plate II. 
Fig. 1,2. 


Plate II. 
Fig. 3. 
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G L; and G K will be the directions of force with which thofe curves: 
pafiie through B will be defcribed. 

. Prop. XIf. G D the horizontal diftance of the point B, DB the 
altitude, and D F half the parameter, being given ; to find the direc- 
tions required to hit that point. | 

~ Let the perpendicular GP be ereéted from the point G to GD; 
becaufé G D, DB are given, the angle D G B; and confequently the 
anole BG Pis given, Let the angle BGP be bifected by the line 
GN, méeting DB produced in N. Now if the points F and N 
coincide,, GN will be the direction fought. ‘(by Cor. 3. Prop. rt.) 


If the point N falls above F, the point B cannot be hit at all with a 


sivéh parameter, or a given force, (by the fame Corol.) But if the 
point N falls below F, from thé point F let FR be erected perpen- 
diéular to D F, meeting GN produced inR; let the line GR be 
bifected in S, and from the point S let S C be erected perpendicular 
toGR, meeting FR produced in C. Onthe center C, with the 
diftance CR, let a circle be defcribed, cutting B D produced to K 
and L,. and if GK; GL be drawn, they will be the direétions 
fought. For it is evident from the conftruétion, that FL and FK 
are equal, and that the angles LGR, R G K are equal alfo; whence 
the reft are manifeit from the 6th Corol. of the preceding Propofi- 


tion. QF. F 


The fame demonftrated another way, From the point F let F C be 
erected perpendicular to D F ahd equal to BG ; andonthe center C,,. 
with the diftance BF, let a circle be defcribed,.cutting BD produced 
inthe points K and L; then GK and GL will be the directions 
fought, Ladle | 

For CKq—FKa,thatis, BF qFKq (by conftru@ion) is. 
equal to CF à or BGq. Therefore as BF — F K or BK is to BG;, 
foisBG to BF +FK or BL. Therefore the triangles KBG, 
LBG are fimilar; (by Prop. 6. Book 6. of Euclid) therefore the: 
angles K G B, B LG are equal; that is, if GP be erected perpendi- 
eular to GD, the angles KGB, LGP will be equal. Therefore if 
the angle BG P be bifeéted as before by the line GN, the angles. 
LGN, NGK will be equal, Therefore (by Corol, 6, Prop. 11.) 
GK, G L are the directions fought. 2, E£, 7, Corel, 
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Corol. +. From the former conftruction there flows an arithmetical Plate IT. 
rule of. folving the fame problem, viz, putting S for the fine of the Fig. 1, z. 


given angle BGP, and V for its verfed fine; V— che S will be 


equal to the verfed fine of the difference of elevations, or of the 
angle L GK. ‘the half of which angle, if it be added to and fub- 
{tracted from the given angle 1)GR, or half its fupplement, to two 
right angles BG P, the fum and the difference willbe DGL, DGK, 
tie angles fought. | 

For DF or GP is the fine of the arch RKG, that is, of double 
the angle RCS; that is (becaufe of the common complement P RG) 
of double the angle PGR, or (by conftru@tion) the angle PGB. 
And PR is the verfed fine of the fame angle; and PR— PF the 
veried fine of the arch KR, or of the angle LGK. And it will 
eafily appear that the angle R G Dis half the fupplement of BGP 
to two right angles. Whence the reafon of the rule is evident. 

Corol. 2. From-_the fame conftruction flows alfo another arithme- 
tical rule, by which GD, the angle BGP, and either of the eleva- 
tions D GK or DGL being given, the parameter is found; for if 
BGP is given, RGD is givenalfo; from whence DGK or DGL 
being given, RGK is given. Let v be the verfed fine of double 


RGK, and = G D, will be equal to half the parameter. The 


reafon of this ruleis the fame as the former. 

Another way. R GD and one of the elevations being given, the Plate IT. 
other is given. Wherefore as the radius is to half the fum, in one Fig: 1, 2- 
cafe, and half the difference in the other cafe of the tangents of the 
given elevations; fois G D to half the parameter. For D F, or half 


DLED® by Cor. 1. Prop. 11. | 


the parameter is equal to 


Concerning this whole matter, fee the famous Dr, Halley’s Dif- 
fertation, in the Philofophical Tranfaétions; and the learned Dr. 
Keil’s Phyfics, where you will find moft of thefe things largely de- 
monftrated in another way. 

Of 
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LEMMA I, 
ET there be a circle defcribed on the diameter A C, which is cut 
at right angles by DE; from the point of the diameter A, let 
the ftraight line A B be drawn, meeting the circumference in B, and 
D Ein F, and let AB be joined. I fay, AB, A D, A F are conti- 
nual proportionals, | | 

For if B D be drawn, the triangles ADB, ADF are fimilar, 
becaufe the angle A is common, and the angles AB D, A D F.are 
equal, becaufe they ftand upon equal arches A D, AE. Whence 
the Propofition is evident. | : io 

Lem. II. Let there be any curve A H concave on one fide, and let 
AG bea tangent to it inthe point A. Let AD bea ftraight line, 
any ways inclined to this tangent, and let BC, parallel to À D, cut 
the curvein B, and the tangent in C. I fay, if the arch AB be 
infinitely fmall, that arch and the part of the tangent, intercepted 
between the parallels AD, BC, may be looked upon as equal and 
coincident, and may therefore be put for each other. 

Let another ftraight line touch the curve in the point B alfo, 
which meeting the other in E, let it be any ways produced; let FG 
be drawn parallel to BC, meeting each tangent produced in the 
points F andG ; and let A B the fubtenfe of the arch be drawn. 

‘It is manifeft, that the fubtenfe A B is always lefs than the arch, 
and the fum of the tangents A E, E B is greater. Now if the point 
B be conceived to approach to A, and during that motion the line 
B C is carried always parallel to itfelf; it is manifeft, that the angle 
BEC will be perpetually diminithed, till it becomes lefs than any 
given angle whatfoever ; and by that means the point F will ap- 
proach nearer to G than any given diftance whatfoever, and there- 
fore the lines EF, E G will be nearer to equality than any given 
difference whatfoever ; that is, E F and EG may at laft be accounted 
asequal. Therefore E B and EC (whofe ratio to each other is the 
fame as E F to EG, becaufe of the fimilar triangles E B C,EFG) 
and allo A E + E Band AC (AE being added to each of them) 

may 
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may be efteemed equal likewife. In the fame manner may it be 
fhewn alfo, that the ftraight lines A B, A C, when the point B ap- 
proaches to A, may at laft be accounted equal alfo. And much 
more therefore may the infinitely fmall arch A B, which is of an in- 
termediate magnitude betwixt the fubtenfe A B, and the fum of the 
tangents A FE, EB, and the tangents A C, be accounted equal. 

That the infinitely {mall arch and the tangent may be looked upon 
as coinciding, is evident from hence; that from the nature of curva- 
ture, there can be no ftraight line drawn between the tangent and 
the curve atthe point of contact. 

Prop. I. Let A BC be a femicycloid defcribed by the generating 
circle AV D; let its vertex A be turned downwards, and its axis 
AD be erected perpendicular to the horizon. Let any point B be 
taken in it, and the ftraight line BI be drawn downwards from 
thence, touching the cycloid in B, and terminated by the horizontal 
firaight line AI. Let the ftraight line F B be alfo drawn perpendi- Plate IT. 
cular to the axis, and on the diameter A F let the femicircle A F H Fig: 6. 
be defcribed. Then through any point M in thecurveB A, let the 
ftraight line M S be drawn parallel to B F, which will meet the 
circle A H F in H, and its diameter inS. Let alfo ftraight lines 
be drawn, touching each curve in the points M and H. And let 
MN, HT, be parts of thofe tangents intercepted between the two 
horizontal lines MS, N R; and Jet O P, a part of the tangent B I, 
and SR, apart of the axis D A, be included between the fame 
parallels, ; 

Thefe things being fo; I fay, the time in which a heavy body 
will run through the ftraight line M N with an equable celerity, fuch 
as is acquired in falling through the arch of the cycloid BM, is ta 
the time that the ftraight line O P would be run through with an 
equable celerity, fuch as half that which is required in falling thro’ 
the whole tangent BI, as the tangent H T is to the part of the 
axis S R. 

Demonft. From the point A to the points V and L, in which the 
parallels BF, MS cut the generating circle, let the firaight lines 
AV, AL be drawn, cutting He parallels MS, NR in the points 


? 
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K, E, Gs let A H and FH be joined; and the radius QH of the 
circle A F H be drawn. | 

Now becaufe the {paces run through with an equable motion, are 
in the ratio compounded of the times and the velocities with which 


they are run through; it follows, that the times are to each other in. 


a ratio compounded of that of the fpaces direétly and the velocities 
inverfely. The time therefore of running through M N, to the time 
of running through OP, is in a ratio compounded of the ratio of 
M N to OP, and of the ratio of half the celerity acquired by fall- 
ing through AF, to the celerity acquired by falling through FS. 
(by the hypothefis and by Prop. 4. and Corol. Prop. 6. above, con- 
cerning the defcent of heavy bodies.) Now the whole velocity ac- 
quired in falling from F to A, is to the velocity acquired in falling 
from F to S, as FA to FH. (by Prop. 31. Book 3. and Prop. 8. 
Book 6, of Euclid; and Prop, 2. above, concerning the defcent of 
heavy bodies.) Half the velocity, therefore, acquired in falling from 
F to A, is to the velocity acquired from F to S, asF Q to FH. 
The ratio, therefore, of the forementioned times, is compounded of 
the ratios of M N to O P, and F Q to F H. But (by the nature 
of the cycloid) BI is parallel to AV, and M N to A L, and there- 
fore G L and KE are equal to MN, OP. Wherefore the fore- 
mentioned ratio is compounded of the ratio of GL to K E, and 
FQtoFH, BueG Listo EK as ALto AE; that is, as AV 
to AL, (by Lemma tr.) thatis,as /AFx AD to VASxAD3- 
that is, as VA F to «/AS; thatis,as AF to AH; thatis, as F H 
to HS. The ratio of the forementioned times, therefore, is com- 
pounded of the ratios of F H to HS, and F Qto FH; that is, 
the times are to each other as F Q or QH to HS. But it may 
eafily be made appear from Prop. 18, Book 3, and Prop. 2. and 8. 
Book 6. of Euclid; that Q H is to HS, as HT to SR. The 
times therefore of moving through MN, OP, with the foremen- 
tioned celerities, areto.each other as H TtoSR. 9, £..D. 

Prop. II. Suppofe the pofition of the cycloid, the line BF, AF, 
BI, AI, and the femicircle F H A, the fame as in the foregoing 
propofition; I fay, the time of moving through the tangent BI, 
ce with 
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with the equable celerity of half that which is acquired in falling 
through B I, isto the time of defcent through the arch of the cycloid 
B.A, as the diameter of the circle is to half its periphery. 

Demonft. Suppofe as many parallel lines as you pleafe, equidiftant 
from each other, to be drawn between F B and A I, which will cut 
the line F A in S, R, &c, the circle in H, i, &c. and the cycloid in 
M, r, &c. its tangent B] in O, P, &c. And from the points where. 
each of them interfect the circle and the cycloid, let the tangents to 
each curve, HT, MN, ik, rs, be drawn to the following parallel, 
as in the figure. | 

The time of moving through O P equably with half the celerity 
acquired in falling through B I, is to the time of moving through 
M N, equably with the celerity acquired in falling through the arch 
of the cycloid B M, as SR to HT. - And the time of moving 
through P Q, with the fame celerity as through O P, is to the time 
of moving through r f with the celerity acquired in falling through 
the arch of the cycloid Br, as R Etoik, and fo on, (by the preced- 
ing Propofition.) Therefore fince every one of the equal times of 
the equable motions, through the equal lines OP, P Q, &c. (by 
conitruction) are referred to fo many other times of motion, viz. 
through the tangents of the cycloid MN, rf, &c. in the fame 
proportion as the equal lines SR, R E are each of them referred to 
the tangents.of the circle H T,ik, &c. the fum of the former times 
will be to the fum of the latter times, as the fum of the-former lines 
to the fum of the latter lines. Let therefore the number of the 
parallel lines lying between F B and AT be infinite, and let the tan- 
gents to each curve be drawn in the fame manner as before; and 
the proportion will continue the fame. And as by this means the 
fum of the tangents of the circle will coincide with its femiperiphery 
F H A, and the fum of the tangents of the cycloid will coincide 
with its arch B A; and the motion through the infinitely {mall arch 
of the cycloid contained betwixt the two contiguous parallels, may 
be conceived to be the fame as that which was fuppofed through the 
tangents: (by Lemuna 2.) It follows, that the time of defcent Re 
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BI with the foreméntioned celerity, is to the time of defcent through 

the arch of the cycloid BA, as the diameter F A is to its femiperi= 

phety.F HA. 9. BD. À | 
Prop. III. In a cycloid whofe axis is perpendicular to the hori- 


zon, and whofe vertex is turned downwards, the time in which a 


heavy body, let fall from any point of it, will arrive at the vertex, is 
to thé time in which it would fall through the axis of the cycloid, as 
half the circumference of the circle is to the diameter: And there: 
fore the times in which a heavy body, let fall from’ any points what- 
foever, will arrive at the vertex, are equal to each other, . 

Let A BC beacycloid, A the vertex turned downwards, A D 
the axis perpendicular to the horizon; and let a heavy body be let 
fall from any point B. Let BI be a tangent to the point B, meet- 
ing the horizontal line Al in I; and from the fame point B let the 
line B V be drawn parallel to CD, meeting the generating circle in 
V, and let AV be joined. 

The time of defcent through the arch of the cycloid BA, is to 
the time of defcent in the tangent BJ, with an equable celerity 
equal to half that which ic would acquire in falling through B I, as 
half the periphery of the circle is to the diameter, (by the preceding 
Propofition.) But the time of defcent through BI is equal to the 
time of its defcent by a natural acceleration along the fame BJ, (by 
Prop. 3. of the defcent of heavy bodies) or along V A, which is 
parallel and equal to B [, (by the nature of the cycloid.) And the 
time of defcent along VA is equal to the time of defcent along 
DA, (by Prop. 5. of the defcent of heavy bodies.) Therefore the 
time of defcent along the arch B A isto the time of defcent through 
the axis D A, as half the periphery of the circle is to the diameter. 

And fince the time of falling through the axis is given, and has 
the fame proportion to the times of defcent through any arches of 
the cycloid to the vertex; it is evident that all thofe times of de- 
fcending muft be equal to eachother. Q. E. D. | 

Corol. It is manifeit, that when the heavy body comes at the ver- 
tex, its motion continuing, it muft in afcending defcribe an arch of 


the 
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the cycloid in the fame time, equal to that defcribed in defcendings 
fo that the time of its whole motion will be to the time of its defcent 
through the axis, as the circumference of a Circle to the diameter.— 
See Hugens’s Horol, Ofeil. part 2. from Prop. 16. to the end of that 
part. 

The equality of the times in which a heavy body, let go from any 
point of a cycloid, comes to the vertex of it, may alfo be demon- 
{trated in the following manner. | 

Let a body be impelled in the line AC, towards the center C, Plate Il. 
with an accelerative force, which is every where as the diftance Fig: 8. 
from C, I fay, that from what point foever of the line A C the 
heavy body is let fall, it will come to the center C in the fame time. 

Suppofe any line ac unequal to AC; and let either of them, as 
AC, be divided into as many equal parts a8 you will, A B, BG, GC; 
let the other line ac be divided into as many equal parts, ab, bg, gc. 
Let us imagine the fuppofed force to at only in the beginnings of 
thefe parts, fo that each of them may be run through with an equa- 
ble motion ; and let two bodies, impelled by that force, begin to be 
moved together, from the points A, a, towards C,c. Now becaufé 
the celerities with which the parts A B, a b, are run through, are as 
the forces with which the bodies are impelled in the points A, a; 
and thefe forces are to each other (by thé hypothefis) as AC toac, 
oras AB to ab; therefore AB, ab, will be run through in the 
fame time. Let the accelerative force act again with a fecond im< 
pulfe in the points B, b; and becaufe the increments of the celerities 
are proportionable to the impulfes, or to the accelerative forces ; 
that is, to the lines BC, bc; (by the hypothefis) or to AC, ac; 
or to the celerities generated by the firft impulfe; the whole celeri- 
ties after the fecond impulfe will be proportionable to the celerities 
after the firft impulfe: Therefore the lines B G, b g, equal in pro- 
Portion tothe former, will be run through in the fame time. For 
the fame reafon the lines GC, gc, will be run through in the fame 
time, after the third impulfe. Letthe number of equal parts in the 
lines AC, ac,-be increafed infinitely, and confequently their magni- 
tude diminifhed in the fame manner ; fo that the bodies may be con- 

tinually 


Plate Wy 
Fig. 9. 


34 On HEAVY BODIES falling in a CycLoID. 


tinually impelled by the fuppofed law of acceleration ; and the fame 
reafoning will hold good. Wherefore in this cafe, the times of 
defcent through AC, ac,.are equal. Now let ABC bea cycloid, 
whofe axis. A D is perpendicular to the horizon, its vertex A turned 
downwards, and the generating circle AH D. Let the heavy body 
be placed in any point of it as B, and let BG be drawn perpendi- 
cular to the horizon, BF a tangent to the cycloid in the point B, 
and F G a perpendicular to the tangent, fo as that they may form 
the triangle BG F. Let the force of gravity, whofe direction is 
according to the line BG, be refolved into two other forces BF, 
F G; of which two forces, it is the force B F only by which the 
heavy body is impelled in the point B to defcend in the cycloid: The 
other force F G is taken off by the refiftance of the tangent or curve, 
Now if BH be drawn parallel to C D, and meet the generating cir- 
cle in H, and AH, D H be joined; then becaufe B F is parallel to 
AH, (by the nature of the cycloid) and BG parallel to DA, (by 
conftruction) and the angles F and H right angles, therefore the tri- 
angles BF G, AH D are fimilar. Wherefore, as BF is to BG. 
that is, as.the force with which the heavy body is impelled in B, is 
to the force of gravity, fois HA to À D. Wherefore, becaufe 
the force of gravity is given, the forces with which the heavy body 
is impelled, in every point of the curve, are to each other as the lines 
AH; that is, as the arches of the cycloid A B, which (by the nature 


of the cycloid) are double the lines AH, The forces therefore with 


Plate II. 
Fig. 10. 


which aheavy body, defcending through the arch of a cycloid, is 
impelled, are as its diftances from the vertex A. Wherefore from 
what point foever it is let fall in it, it will come to. the vertex in the 
fame time. Q, £. D. 

Prop. IV. À Problem. To. make the vibrations of a given pendu- 
jum to be all performed in the fame time; or to make a pendulum 
vibrate.in a cycloid. | 

Let C F, the given length of a pendulum, be perpendicular to the 
horizon; which being bifected in G, and D CI drawn perpendicular 
to it through C; let two femicycloids be defcribed from the point 
C, by a generating circle whofe diameter is C G, and let their bafes 

: be 
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be CD, CI, and their vertexes A,N. Let A N be joined, which will 
be parallel and equal to DI, and will therefore be the bafe of a 
whole cycloid, defcribed by the fame generating circle as CBA, . 
CN. Let this cycloid be AFN. Nowifa heavy body be hanged © 
in F, upon athread CF or any fuch thing which will bend, and fo 
ofcillate upon the center C, between the femicycloids CBA, C N, 
that whenever it moves from the perpendicular, the upper part of 
_ the thread may bend upon that cycloid towards which the motion 
is made, and the remaining part, which is not applied to the cycloid, 
be ftretched out in a ftraight line; I fay, the heavy body will always 
be found inthe cycloid A FN. 

Demonft. Let the generating circle of the cycloid AFN be de- 
fcribed on the axis GF; and from the point E, where the heavy 
body is when removed from the perpendicular, let EL be drawn 
parallel to AG, meeting that circle in L, and let GL be joined, 
From the point B, (in which the thread EB touches the cycloid 
CBA, the remaining part being bent upon the arch CB) let BH 
be drawn parallel to A G alfo, meeting the generating circle AHD 
in H; and let AH be joined. 

The whole length of the thread CBE is equal to twice AD; 
(by conftruction) therefore it is equal to the femicycloid C B A; (by 
the nature of the cycloid)-and the part of the thread C B is equal to 
the arch C B, to which it is applied. Therefore the remaining part 
of it BE is equal to the remaining arch B A, and is therefore equal 
to twice the ftraight line A H, (by the nature of the cycloid.) It 
alfo touches the cycloid in B; therefore (by the nature of the 
cycloid) itis likewife parallel to A H ; therefore AH and BK are 
equal, and therefore BK and K E are equal alfo ; therefore the pa- 
rallels EL, and BH are equally diftant from AG; therefore they 
eut off equal arches of the generating circles, viz. G L equalto AH, 
and LF equal to HD; therefore GL and AH are parallel, and 
therefore GL, and KE are parallel, and therefore E L. js equal to 
KG. But KG (becaufe of the parallels HA,K B, and by the na- 
ture of the cycloid) is equal to the arch HD, that is, to the arch 

| Br’; 
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LF; therefore E L is alfo equalto the arch L F'; therefore {by thé 
nature of the cycloid) the point Eisinthe cycloid AFN, QE. D. 
Coro!. 1. Since it appears that the extremity E of a pendulum 
vibrating between the two cycloids C A, C N, defcribes the cycloid 
AFN equal to either of them; and from its fo deicribing it, it is 
manifeft, that the very {mall parts of the curve taken on each fide 
the vertex F, do nearly coincide with very {mall parts of the circle 
taken on each fide the fame point F. Hence it follows, that the 
times of the fmalleft vibrations of a pendulum ofcillating in a circle, 
are alfo very nearly equal to each other; and have very nearly the 
fame ratio to the time of the perpendicular fall through half the 
length of the pendulum, as the circumference of a circle has to its 
diameter. | | su dys | 
Corol. 2. Hence alfo appears a method of determining the fpace 
through which a heavy body runs, in falling perpendicularly, ina 
given time. For the ratio of the time of one ofcillation, to the time 
of the fall through half the length of the pendulum, is given; by 
finding therefore the time in which a pendulum of any given length 
performs a fingle vibration, the time of falling through half the - 
length of the fame pendulum is given. Whence (by Prop. 2. of 
the defcent of heavy bodies) the fpace which it will run through by 
falling in any other given time is collected. | 
Corol, 3. Hence allo may be found a method of determining an 
univerfal and perpetual meafure of magnitudes. For the law of 
gravitation, upon which the foregoing Propofitions depend, being 
allowed ; a pendulum of the fame length will always, and in all 
places, perform fome certain number of vibrations, in a given time. 
This length, therefore, may be made anuniverfal and perpetual mea- 
fure, becaufe it can always be determined by experiments. Whence 
it follows, that having once determined the proportion which the : 
meafures of the magnitudes, in any nation, bears to that length; 
what the quantity of thofe meafures is, is eafily known at any time, 
Now the length of that pendulum may be determined, by obferving 
how many ofcillations, in that given .time, another pendulum of any 
. length performs. For the lengths of pendulums are to each other 
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as the fquares of the times in which a fingle ofcillation is made; (by 
Prop. 3. preceding, and Prop. 2. of the defcent of heavy bodies) 
and therefore they are reciprocally as the fquare of the number of 
ofcillations made in the fame time.—See Hugenius’s Horol. Ofcil, part 
4 Prop. 25. and 26, 


On the RAIN - BO W. | 
T is necefiary, that of the rays which fall parallel and contiguous 
upon a refracting fphere, thofe that are effective or proper to 
produce a Rain-bow, muft alfo come out of the fphere parallel and 
contiguous ; otherwife they will not come thick enough to the fpec- 
tator’s eye, to exhibit thoie vivid colours of the Rain-bow. Whence 
it follows, 

That thofe effective rays, which come out after one reflection 
made by the fuperficies of the fphere, have all the fame point of 
_ reflexion: Thofe which come out after two reflections, are parallel 
while they are reflected; that is, from one point where they are 
reflected to another : Thofe after three reflections, have all the fame 
middle point of reflection: Thofe after four, have their reflected 
parts, which join the fecond and third points of reflections, parallel. 
And fo on in a great many fuch like refle@ions. 

For let IZE be a great circle of a refracting {phere let the Plate III. 
parallel and contiguous rays, and which lie in the plane of it, R I, Fig. 1. 
ri, fall upon it; and after they are refraéted, let them meet in the 
fame point of the circumference Z, and then after they are refleéted 
from thence, [et them go out in the lines EM, em. It is manifeft, 
from the nature of the circle and of reflection, that the refleéted 
trays ZE, Ze, are refpectively equal to ZI, Zi, and therefore have 
entirely the fame pofition with them, both with refpect-to the {phere 
and to each other, Whence it follows, that fince the refractions in 
F,e, and in I, z, are equal, and the incident rays R i, rz, parallel ; 
the emergent rays E M, em, will be parallel allo. Whence, on the 
contrary, it is eafy to fee, that if the rays are effective; they have one 
and the fame point of reflection. 

For 


Plate IIL. 
Fig. 2. 


Plate III. 
Fig. I. 


Plate III. 
Fig. 2 


Plate III. 
Fig. 3. 
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For the fame reafon it will eafily appear, that the effective rays 
RI, ri, which go out after two reflections, have their reflected 
parts Z Y, zy, (which connect the points of reflections Q and Y, 
z and y) parallel, and ought to have that pofition which was men- 
tioned of the reflected rays in the feveral reflections. Whence it fol- 
lows further, | 

That the effective rays have their angle of incidence fo ordered, 
that if there be but one reflection, it’s nafcent increment, or fmalleft 
increafe, is double the increafe of the angle of refraction made in the 
fame time. If there be two reflections, the firft increment is triple 
the latter. If there be three, quadruple ; if four, quintuple; and 
fo on. 

For it is manifeft, that the very fmall arch Ii, is the nafcent incre- 
ment of the angle of incidence: Andif the femidiameters CI, CZ 
be drawn; fince CI Z or C Z1 is the angle of refraction, the angle 
i ZI will be the increment of the angle of refraction generated in 
the fame time, and the arch Iz double the angle 7 ZT. 

Here alfo Ii is the nafcent increment of the angle of incidence ; 
and if the femidiameters CZ, Cz be drawn, fince CZ Y, Czy are 
the angles of refraction, (becaufe Z Y is parallel to z y) the angle 
ZCz or the arch Z z, is the increment of the angle of refraction. 
But 2 Zz (= arch Z Ÿ — arch zy = arch IZ — arch iz) =I; — 
Zz. ,Therefore 14 '=' 3°Z 2; À 

By much the fame way of arguing it may be proved, that if there 

be three or more refleétions, the ratio of the nafcent increments of 
the angle of incidence and refraétion, is fuch as we have affigned. 
_ Wherefore, in order to find out the angle of incidence of a ray, 
which is effective after a given number of reflections; we mutt find 
out that angle, whofe nafcent or infinitely {mall increment bears the 
fame proport on to the increment of the correfpondent angle of 
refraction, made at the fame time, as the given number of reflections 
increafed by unity, bears to unity. And this angle will be deter- 
mined by the following Lemma. 

Lemma. Let ABC be an obtufe angled triangle, from whofe 
vertex A let the perpendicular A D: be let fall upon the bafe BC 


produced. 


On th RAIN -BOÔO W. 39 


produced. I fay, that the fides AC, AB remaining the fame, the 
nafcent increment of the external angle ACD, is to the increment 
of the angle A BC made in the fame time, as BD to CD. 

Demonft. Imagine the fide A C to be turned about the center A; 
and by this motion. its extreme point C to carry the line BC D into 
the pofition Bed, fo that the angles CAc, CBe, be the nafcent 
increments of the angles B AC, ABC; andlet cC, ¢D be joined. 

The angle ACD is equal to CAB and ABC; and the angle 
Acdis equal to c AB and ABe. Therefore the excefs of Acd 
- above ACD, or the nafcent increment of the angle ACD is equal 
to CBcand CAc. Now becaufe the angle A cC differs but infi- 
nitely little from a right angle, the circle defcribed on the diameter 
AC, will pafs through the points D and ¢; and therefore the anoles 
CAc, CDe, infifting on the fame arch of that circle, are equal. 
The nafcent increment, therefore, of the angle ACD, is equal to 
CBcand CD; thatis, it is equalto Ded. Butthe nafcent angles 
Ded, D Be are to each other as their fines; that is, as B D, the fide 
of the triangle BDc to De, Now becaufe the angle C De is infi- 
nitely fmall, D cis equal to DC; wherefore the nafcent Increment 
of the angle ACD, viz. Ded, is tothe increment of the angle A BC, 
made in the fame time, viz. CBc, as BD to C D. Q.-E. D: 

Corol, The nafcent increments, therefore, of the angles ACD, 
A BD, are as the tangents of thofe angles direétly ; a line being 
drawn from the point B, parallel to A C, “till it meets D A produced, 
As. appears from Prop. 4. Book 6. of Euclid. | 

Problem I. The ratio of refraétion being given, to find the angles 
of incidence and refraétion of an effective ray, after a given number 
of reflections. 

Let any ftraight line A C be taken, and let it be fo divided in D, Plate lll.. 
that AC may be to AD, as the ratio of refraction ; and let it be 18: + 
divided again in E, fo that AC may be to A E as the given number 
of reflections, increafed by unity, is to unity, Having defcribed 
the femicircle C BE on the diameter CE; from the center A, with 
the radius À D, let the arch D B be defcribed, interfecting the femi- 


circle: 
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circle in B: Let AB, CB be drawn, then will A BC, or its com- 
plement to two right angles, be the angle of incidence, and À C B 
the angle of refraétion required. . | | 
Demonft. From the point A, let the perpendicular A F be let fall 
upon C B produced, and let BE be drawn; then will the triangles 
ACF, ECB, be fimilar. Now the fine of the angle ABC, or 
ABF, is to the fine of the angle ACB, as AC to AB or AD; 
that is, in the given ratio of refraction, (by conftruction.) Sup- 
pofing therefore A BF to be the angle of incidence, AC B will be 
the correfponding angle of refraction. Further, the nafcent incre- 
ment of the angle ABF is to the increment of the angle AC B, 
generated in the fame time, as CF toBF; (by the Lemma) that is, 
asC Ato EA; (by fimilar triangles) that is, as the given number 
of reflections increafed by unity, is to unity, (by conftruction.) 
Wherefore the ratio of the nafcent increment, or the angle of inci- 
dence ABF, tothe increment of the angle of refraction ACB, is 
fuch as is required (by the obfervations above) in the angles of inci- 
dence and refraction of an effective ray, after a given number of 
reflections. The angles A BC, or ABF, and ACB, therefore, are 
the angles required, 9. E. D. | | 
‘Corol, 1. From the for@oing conftruction of this Problem, the 
rule of the famous Sir Ifaac Newton, for finding the angle of inci- — 
dence, which you may find in his Optics, page 148, may eafily be 
colleéted. For let I be to R in the ratio of refraction; then will 


AC= AB; let # be the number of reflections increafed by unity, 
and it willbexz FB =FC. And becaufe the angle at F isa right 
angle, therefore A Cg —CF g=ABg—BFq; thatis, 2e ABg 


—nnFBqg=ABg—BF4q; and therefore zn FBq — BF ¢g= ie 
~ JETER ER Whence, (if in- 
ftead of m be put its value, which in the firft Rain-bow is 2, in the 
fecond 3, in the third 4, &c.) it will be 


ABqg—ABq;3 and again Le 


In 
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ift, V3 RR:) ViI—RR :: AB: FB:: the 
In Rain-bow the 2d, 78 RR | radius : the cofine of inci- 
3d, 715 RR: dence, 

But the foregoing rules may be found in a more fimple and expe- Plate IIT. 
ditious way yet; if it be confidered, that the fmalleft increments of Fig. 5. 
angles or arches are to each other, as the increments of their fines 
generated in the fame time, directly, and the cofines themfelves 
inverfely, On the center C, with the diftance C A, let the arch of 
the circle A D be defcribed; then will DS be its fines, and ds the 
fine of the arch which exceeds the arch A B by Dd the fmalleft dif- 
ference that can be. Let D p be drawn perpendicular to ds, and dp 
will be the increment of the fine DS generated in the fame time. 

Let DC be drawn 3 then (by the fimilar triangles DCS, D dp) it 

will be SC:C D::pd:Dd. Wherefore Dd pais oa ath, Fo 
fequently (the radius CD being every where the fame) Dd or the 
fmalleft angle D Cd is as £4; Now the letters 7, I, and R fland- 
ing for the fame things as before, and putting 5 for the cofine of 
the angle of incidence of an effective ray, and ¢ for the cofine of the 
angle of the refraction of the fame; fince 7 is to 1 (by the obferva- 
tions above) as the fmalleft increment of its angle of incidence to 
the increment of the angle of refraétion generated in the fame time ; 
and the increments of thofe angles are as the increments of the fines 
direétly, and as the cofines themfelves inverfely; and (becaufe the 
ratio of the fines of incidence and refraction is given) the increments 
of the fines of incidence and refraétion are to each other (by conver- 


fion) as the fines themfelves, or as I to R: Therefore # will be to 1 
R 


, i ; I 
as [to R direétly, and as Sto ¢ inverfely ; that is, #1 1 :: —: re 
WhereforeIc=n2RS. Putting therefore r for the radius anfwer- 
ing to Sand ¢; v;*—s? will be the fine of the angle of incidence 
anfwering to that radius, and (the ratio of refra@ion being given) 


. Con- 


ad ed will be the fine of the angle of refraction ; and there- 
M fore 
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fore VI2r? — R?r* + R25? will be its cofine or +. Wherefore im the 
I 


equation >—nzRS, if for « be fubftituted its value, it will bé 
Vi? R= Res? = 2R SS; and (fquaring the parts and tranf- 
pofing them) I77?—R?r?=27R*S *—R*5*. And (refolving the 
equation into proportion, and extracting the roots of the terms) 
V/ 7 RI-R* : V127—-R?.:7 3 & the fame proportion as before, 9. E. I. 
The foregoing rules may eafily be reduced to another form, 
which perhaps may appear fomewhat more convenient ftill for find- 
ing the angles of incidence and refraction, by calculation. For 
putting for the radius, S for the fine of the angle of incidence, & 
for its cofine, and s for the fine of the angle of refra€tion. Since in 
the firft rainbow, 3 R°: [2—R?:: 7°: S& "it will be 3 R* 24 R2— 
I? ::¢%3 7? —S* = S* Wherefore saa And be- 
3 
rar = F. 
I 3 


caufe TES | ; R: it will bes = — So likewife it. 


will be found in the fecond Rain-bow that S=5 
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y 16 R°— 1°. And fo of the reft. 


I ant, 

Carol 2, The tangent of the angle of incidence of an effective 
ray, is. to the tangent of the angle of refraction, as ato 1. It fol- 
lows from what goes before, and from the Corollary of the Lemma. 

Problem II. The ratio of refraétion being given, and any angle 
of incidence whatfoever : To find the angle, which a ray of light, 
coming out of a refracting {phere after a given number of reflec- 
tions, makes with the axis of vifions or incident ray ; and fo to find 
the diameter of the Rainbow. | | 

The angle of incidence being given, and the ratio of refraction, 
the angle of refraction is given, Let this angle be multiplied by 

+ twice 
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twice the number of reflections, increafed by the number 2, and 
from the product let twice the angle of incidence be taken; the 
remaining angle is the angle fought. Q. E. 1, FEU weeny 

Demon. Let CI ZE be a great circle of a fphere ; in the plane pate try. 
of which let RI be an incident ray, which, after two refractions in Fig. 6, 
the points of the circumference I and E, and one refletion between 
them in Z, comes out in the line EM. Let E M be produced, ‘till 
it meets the incident ray RI, produced alfo, in X; and from the 
center C, let the femidiameters CI, CZ be drawn. Becaufe the 
angles CZ1, CZE, and alfo the angles ZIX, ZEX, are equal ; 
CZ produced will pafs through X, and bife&t the angle IX E. 
The difference of the angles CZ J, ZIX, is alfo equal to IXZ, 
But CZTor CIZ is the angle of refraétion, and Z EX is the dif. 
 ference betwixt that angle and the angle of incidence C 1X; there- 
fore I X Zis the difference betwixt twice the angle of refraétion and 
the angle of incidence. Confequently, the whole angle I X E is the 
difference betwixt four times the angle of refraétion and twice the 
angle of incidence. ©, £. D. 

Now let the ray R I, after two refleétions in Z and E, come out 
in the line eR, meeting RI and X E (the firft being refracted) in R 
and M; eEX, the external angle of the triangle ¢ E M, is equal to 
the two angles EeM, eM E; and becaufe the refraétions in e and 
E are equal, the angles EeM, ZEX are equal; therefore the 
angles eK Z, eM E are equal: But it is evident, that the angle of 
reflection e EZ or E Me, is double the angle of refraétion ; and it 
has been demonftrated, that M XR is the difference betwixt four 
times the angle of refraction and twice the angle of incidence, 
Therefore the fum of the angles EMe or X MR and MXR, that 
is, the external angle of the triangle M XR, is the difference be 
twixt fix times the angle of refraction and twice the angle of inci- 
dence. 9, E, D. 

The fame method muft be proceeded in, if there be three or 
more reflections. But beeaufe fuch cafes belong to the third and. 
fourth, &c. Rain-bow, which are hardly ever feen in the heavens,. 

| becaufe 


Plate III. 
Fig. 7. 
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becaufe the rays of the fun become fo much thinner by every reflec- 
HOP ; and becaufe they are very eafy, I fhall not flay to demonftrate 
them. 

Suppofing, therefore, that the ratio of refraction out of air into 
water, is what the famous Sir Ifaac Newton obferved , (/ee bis Optics, 
page 111) viz, as 108 to 81 in the red rays, and 109 to 81 in the 

lue; then, by calculation according to the foregoing rules, the 
diftances of the colours from the axis of vifion (which is confirmed 
by obfervation) will be found to be in Rain-bow 


¥ 


I Tip --- 42 1.7) 
" @Blue--- 40. 16’. (If the fpectatorbe turned from the 
u Red - - - 50. 58’, Sun. 


| Blue - - - 54 9! 
Red - - = 41. RG 
105 J --- oe Zh If the fpectator be turned towards 
IV, Red - - - 43, 52. the Sun, 
Blue - - - 49. 34. re 

Hence the breadths of the Rain-bows, and their diftances from 
each other, may eafily be collected; fuppofing the fun to be only a 
point. But becaufe the diameter is about 30’, fo much muft be 
added to the breadthof every one of the Rain-bows; and fo much 
mutt be taken from their diftances from each other, that their true 
breadths and diftances from each other may be had. 15’ mutt alfo 
be added to the diftance of the outermoft circle of colours from the 
axis of vifion, which paffes through the fun’s center; and as much 
muft be taken from the diitance of the innermoft circle, in order to 
have the true diftances of thofe circles from the axis of vifion. 

Problem ITI. In the firft Rain-bow, the angle which an effective 
ray of any kind makes with the axis of vifion, being given, to find 
the ratio of its refraétion, 

Let the angle of incidence be got: For that being found, the 
angle of refraction, and confequently the ratio of refraction, will be 
given, (by Prob, 2, or Corol. 2. Prob. 1.) Let ABC be the angle 
of incidence, and, any given line C A being taken for radius, let 
AB bethetangent of that angle; which being bifected in D, and 
CD being drawn, AC D will be the angle of refraction, (by Cor. 2. 

Prob, 


nn 


+ 


om, 
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Prob. 1:) Let AE be the tangent of double this angle ; and hav- 
ing drawn CE, the angle BC E (by Prob. 2.) will be half a given 
angle, and confequently will itfelf be given. Suppofe then A E = 
S; BA =T; and therefore AD=4T; AC=r; the tangent of 
the given angle BCE =#; and becaufe the line C D bife&s the 
angle AC E, (by conftruétion) it will be (by Prop. 3. Book’ 6, of 
Euclid) AC: CE, ( yACg+AEz):: AD: DE. Wherefore DE= 


TPvSSerr AndTYSSET _: T=S—T. And again T 
2r 


2r ; 
VSS+rr =2Sr—Tr. Then (by fquaring the parts, and reduc- 


‘ att te VA ir y 
tion) it will be S PPLE Ti | 

Now in order to find out T, let B F be let fall from the point B 
perpendicular to CE; then it will be, as the fecant of the given 


angle BCE is to the tangent of the fame; that is, as /;,-% tos; 


foisCB( yTT+rr) to BF =; ve, Again, (becaufe the tri- 


angles E BF, EC A are fimilar) EC, ( ySS&7r) : CA,(r):: EB, 
Sr—Tr Terr Sr—Tr 
(S—T): BF= Wherefore ¢ y = . Then 


VSS+rr rrtée  VSSacrr 
(by fquaring the parts) tae ane wis eee TTrr, And 
(by multiplying the numerators by each other’s denominators, ftrik- 
ing out the equivalent terms, and by tranfpofition) SS r4—2S T 
rea TV re=SSTTti+28Trrtt+rstt. And (by ex- 
tracting the roots) Srr-—Trr=STt+rrt. Now the value of 
S, before found, being fubftituted in its room, and the whole divi- 
ded by ware the equation will become T? = 3T Tr+arrt, 
or T3— 3 T'#— 4rrr=0 Now by refolving this equation T 
will be found, and confequently, the ratio of refraction will be 
found from what goes before. Q. E. I. | 12 

Now in order to refolve this equation, let V+ ¢ be putfor T, and 
then it will be changed into this form, V3 — 3 V#¢—2 #8 —arre 
=0. Which being reduced by the rule, which you have briefly 

N demonftrated 
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demonftrated in page 272 of the famous Sir Ifaac Newton’s Alge- 
bra; and, fuppofing y= 1, and the fecant of the given angle 
virer —s, it will at laft come out V= 5V# +2 44-2 ts + 5V ia 
+ 2—02 #5 Or V = NF HART TNT If 

18 + 2/L2ts 

therefore ¢ be added to this, the fum will be = T fought. Further, 
it will eafily appear, that the fines of the angles of incidence and 


VT2+ VTT+ 
fraction is as VT2+ 4 to VT?+#I. | | | 

But T may alfo be determined by the following conftruétion. 
But it is fuppofed that a ftraight line of a given length may be fo 
placed between two other ftraight lines given in pofition, that when 
it is produced, it may pafs through a given point.—See Newton's 
Algebra, page 279, &c. end) 

Let any ftraight line be drawn, and in it take A = 4 , and C B 
= 3 t, andlet B A be bife£ted in D ; having defcribed an arch of a 
circle on the center C, with the radius CD, let DR =r be infcribed | 
in it, and let AR be joined. Having infcribed the ftraight line da 
—DA between D R and AR produced, in fuch a manner as to 
pafs through the point C when produced, a C willbe = T. _ 

For let C G be drawn parallel to D R, and meet A R produced in 


T 
tefraction are 1 and —=—— 4, and therefore the ratio of re- 


G; then (becaufe the triangles GC A, RDA are fimilar) as GC 


is to CA; fo is RD to DA, And again (becaufe the triangles 
GC a, adR are fimilar) as GC is to Ca, fois JR to da or D A, 
Hence C A istodR,;as Cato DR. And (by compofition) Ca 
+ CAisto Ne as CAtodR; but dR = FE. 
Further, CD qg —Cdqg=dDx4R (by Prop. 13. Book 2. of 
| : Ca+CD1 . ; 
Euclid.) Whence it follows, that Weide my isto dD, asdR is 


toC d—CD. But CA+Ca, is to dD, as C A is to dR. Where- 
CD 
fore, as C AistodR, fois ZR to tote 


Now 
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+ Now if for CA, dR, Ca, CB be fubftituted their values; viz. 
At, 47, T, 345; and the extreme and middle terms be multiplied 


by each other, and then reduced; the fame equation will come out 
as before, T? — 3 T*t—4rrz¢=o0. If therefore D R be radius, 
Ca will be the tangent of the angle of incidence. Q, £. 7., 

Corel, Hence we have a method of meafuring the refractions of 
liquors, or of any other tranfparent bodies whatfoever; viz. by 
expofing a fphere of any fort of tranfparent matter to the fun, and 
taking by obfervation the angles which the effective rays of the firft 
Rain-bow make with the axis of vifion, when they come out of it. 

It may be obferved here, that if the angle which an effective ray Plate III. 
of a given kind, in any Rain-bow, makes with the axis of vifion, be Fig: 7- 
given; the ratio of the refraction of that ray may be found, pretty 
much in the fame manner as before, For the conftruction being 
the fame as then, fuppofe BC A to be the angle of incidence of the 
effective ray of any Rain-bow propofed; and the angle ECA a 
multiple of the angle of refraétion of the fame ray, according to 
the number of reflections, increafed by unity; then will ECB be 
half a given angle, or half its fupplement, (by Prob. 2.) Whence, 
if CA becalledr; AB, T; AE,S; the tangent of the angle 
ECB, f, as before ; it is evident, that the fame equation will always 
arife, Srr —Trr=STt+prré; and that nothing elfe remains, 
but as in the foregoing Problem, to find the value of S, and to put 
it in its room, in that equation. ‘Take an example hereof in the 
fecond Rain-bow. Suppofe BA to be to DA, as the number of 
reflections increafed by unity, is to unity; then DC A will always 
be the angle of refraction, (by Corol. 2. Prob. 1.) and in the fame 
Rain-bow D A =3 T, and the angle EC D double the angle DC A. 

In D A produced, let Ad be taken equal to A D. Then will DC 4 
= DCE; and then (by Prop. 3. and 22. Book 6.-of Euclid) EC’: 
C d#(=CDq):: ED*: Da? (=4DAq.) Whence EC g —CDq 
>-EDg—4DAq::CDqg:4DAq Allo, ECg=ED¢g+ 
DC¢g+2DExDA; andCDg=CAg + ADg¢; which be- 
ing fubftituted for KCg, C Dg, it willbe EDg+2EDxD 

(eB 


Plate III. 
Fig. 9. 
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(=EDx2DAxED:) EDg—4DAq(=ED+2DAx 
ED—2DA)::ED:ED—2DA::CAg+ ADgq:4ADa. 
And thereforeRKD:2DA::CAg+ADq:CAq—3ADzq, 
oED:DA::2CAq+2ADq:CAq—3ADQq; and 


laftly, ED + DA(<EA):DA::3 CA*r—ADq:CAgq 


ihe LE 3CAgxDA—D Ac 
e 1 a e 
—3ADq. Whence it is evident, that E A TEGO) 


Now let S, 7, and} T, be put forE A, CA, and D A refpectively, 

dit will be 8 =" 
and it will be FAIT 
in the equation Srr —Trr—STt—rri=o, it will become 
T4 las T3 —18 rr T° —2774 = 0. Or(puttingJ for, that 
is, the tangent of the complement of the angle EC B) T+ + 8JT3 
— 18rrT3— 29rt — 0, : 

The Problem being thus refolved, it may be conftruéted in the 
following manner by means of any parabola, Let M AC bea 
parabola, its vertex C, the axis CD FK, the parameter of the axis 
RC, and taking a third part of this for the radius of a circle, let J 
be the tangent of the complement of the given angle ECB. Let 
AD =2J be an ordinate to the axis, and let D F be taken equal 
tozC; FK = 2CF, and from the point K let KH be erected 
perpendicular to the axis, and meet the ftraight line drawn through 
A and F,in H. Then having defcribed a circle on the center H 
with a radius equal to VH Ag +2CRq;3 and having let fall from the 
point M, where it meets with the parabola, the line M Q, perpen- 
dicular to A Q, drawn from the point A parallel to the axis; then 
M.Q will be the tangent of the angle fought to the radius equal to 
3CR. 

For let HK meet the ftraight line À Q in I, and the ftraight 
line ML, parallel to the axisin L ; let M Q meet the axis in P alfo. | 
Now fince (by conftruétion) 7 CRg=HMg—H Aq; and 


HM y=px/}+LHq; and PKqg(=DKw DPs)=DKg 
—2DKxDP+DP 3; and L'Hg(= yi } +1H])=MQ@g 


; and putting this value of S for S 
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+2MQXIH+IH 9; and HAg=5R2} + IHg: it 
will be; CRq=DPq—2DPxDK+MQ¢+2MQx 
IH. 

Further, (from the nature of the parabola) as A Dq: MPg— 

P AD 

ADq(=MQq+ 2MQx SE ) :: CD (= GR ):D P; whence 
pp = MERE", Alo DK (=2CD+#CR)= 
22! 44 CR. And (becaufe the triangles F D A, AIH are 
fimilar) I H = 4 = +3AD. Let thefe values be fubftituted 
in the foregoing equation for D P, D K, I H, and it will produce 
ICRq EE — 2 MQe OrMQqq+4AD 
xMQ—2CRq¢xMQq—rCRqq=o. And laftly, put- 
tng MQ=T, AD=2J, CR= 37, it will be T*+ 8 J T* 
— 1877 T*— 27r* = 0. Whence it is evident, that M Q is the 
tangent of the angle fought to the radius; CR. | 

li the roots of this equation be defired in numbers, let the nume- 
ral tangent of the complement of the angle E C B in the tables, be 
fubftituted for J, and the numeral radius in the tables for 7; and 
then a numeral equation will be given, which may be refolved by 
the common rules. 

For inftance, the angle which the blue rays make with the axis of 
vifion in the fecond Rain-bow, is 54°. 9’. 26’. Half of this, viz. 
27°. 4’. 48". is the complement of the angle EC B. And the tan- 
gent belonging to it, (= =J). 5112854, fuppofing the radius fr) s. 
Thefe then being fubftituted, in the foregoing equation, for J and 
r; there will arife the numeral equation T+ + 40902832 T?— 
18 T?— 27 =0. By refolving of which, T or the tangent of the 
angle of incidence, will be found to be 2.9775981; and the third 
part of this 0.9925327 is the tangent of the angle of refraétion ; 
and the correfpondent fines of thefe will give the ratio of refraction 

| O 


of 


50 On the RAIN - B O W. 


of the blue rays. Now thefe fines are to each other, and confe- 
quently the ratio of refraétion, as VT2+ 9t0 VT++1, that is, as 
42268 to 31410, Or as 109 to 81 very nearly. | 

The aforefaid equation has alfo a negative root, viz.— 6.81622765; 
from whence it may be gathered, that the ratio of refraction is very 
nearly as 347 to 321. For there are two cafes.of refraétion, in 
which the effective blue rays of the fecond Rain-bow make the 
fame angle (54°, 9’ +) with the axis of vifion ; or when the ratio of 
refraction is as 109 to 813 asin rain water, in which cafe the tan- 
gent of the angle of incidence will be 2.97759813 or as 347 to 
321. And then the tangent of the angle of incidence will be 
6.8162765. And as to this latter cafe, if the excefs of the fines of 
incidence of different forts of rays, above the common fine of re- 
fraétion, be fuppofed to be always in a given ratio; fince the ratio 
of refraction of the blue rays is as 347 to 321, that of the red rays 
in the fame medium will be nearly as 346 to 321. Whence it will 
appear by calculation according to the foregoing rules, that in fuch 
a mediym the red colour will be outermoft, and make an angle of 
about 56 + gr; with the axis of vifion, and the blue within, in the : 
fame order as the colours of the firft Rain-bow. 
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